Chapter 5

Supersymmetric Quantum MechanicsCP-



Appendix 5(i)

CP"
Complex projective n-dimensional space is defined agrft)-dimensional complex space minus the origin,
with points identified that are equal up to a scaling by aptexmumber
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CP" can be covered by n+1 coordinate patches. In terms afithbomogeneous coordinat[ 7y, 7, - - - , Z,,]

, the simplest way to do this is to take inhomogeneous coorslinate
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and similarly for each patch up to the (n+1)-th
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Coodinates transformations on the overlap of these patahesaaifestly holomorphic, <CP" are complex
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manifolds. Letting{w; = 7} be coordinates in the first coordinate pa(Z, # 0), a metric may be put on
0

CP". This metric, the Fubini-Study metric takes the form
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The associated Kahler form is closedCP" are Kahler manifolds. They are in fact the Kéhler mad#avith
minimal cohomology, the only harmonic (p,q)-forms being extgraavers of the Kahler form.
The Hodge Numbers are therefore
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hPa(CP")

1 1 OSPSTL 1

0 , PFq ,

which gives the Euler Characteristic as



X(CP") =n+1
CP" can be shown to be equivalent to the homogeneous space

SU(n+1)
SU(n) x U(1)

CP" =
whereSU (n + 1) is the isometry group of thrCP", i.e. the group of diffeomorphisms of the manifold which
leaves the metric invariarU (n) = SU(n) x U(1) is the isotropy or stability group, the subgroup of the
isometry group which leaves a particular point fixed,U (1) factor is due to the freedom to scale by a
complex number.

CP! is equivalent to the 2-sphere.



5. Supersymmetric Quantum Mechanics oice"

The second illustration of the relationship between supemgtnitc quantum mechanics and fixed point
theorems is with the manifoCP?. This is an example where the fixed point set of a Killifegtor need not

just consist of isolated fixed points.

Firstly the ordinary Laplacian cCP? is dealt with and the Frobenius Reciprocity Theorem is wsed t
demonstrate that all the solutions have been found. Killingoveetre then introduced into the supersymmetry
algebra, the zero energy solutions are related to the topolalg ofanifold and perturbation theory is used to

show how the symmetry breaking affects the excited states.



51 CP?
CP? can be represented by three homogeneous complex coord Z,, Z,, Z,) , with points identified that

are equal up to scaling by a complex number. In terms ohbmriogeneous coordinates
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the Fubini-Study metric tensor (CP” takes the form
Gup = (1+zz+uu)2)< p g )
and so the K&hler form is
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The isometry group cCP? is SU(3). Explicit formulae for the generators of this grouplmmfound by taking
the generators of U(3), the isometry groufC3fand transforming from the homogeneous coordinatCP’n

to the inhomogeneous coordinates. The nine generators of U(3) are
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wherei,j =0,1,2.

Transforming each of these generators into inhomogeneous coordgjivates
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Thus in terms of the inhomogeneous coordinates there areradgipeindent operators, the generators of SU(3).
[The fifth operator minus the first is equal to the lastrafme on the list.] A U(1) factor having been lost due to
the freedom to scale the homogeneous coordinates. We wikhsakéasis for SU(3):

The Cartan Sub-Algebra
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and the raising and lowering operators
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In terms of an SU(3) root diagram the basis takes the falp¥arm:

Ul"ﬁ

wherel; measures the third componenet of the SU(2) subc/,;.p, the distance of a weight along

axis, and/s measures the corresponding distance alonU,,;,2axis.Y;, Yy, Yy are hypercharge operators,

which commute witt/,;,,, U, andV,,, respectively.
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5.2 Supersymmetry onCP>
Defining, as before, the supersymmetry operators

Qr=0+0" , Qr=0+0" Q3 =i(0—0%) , Q,=i(0—0%)
gives the supersymmetry algebra
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Due to the invariance of the metric under the isometry groupigfemsolutions of the Laplacian CP? form
representations of SU(3), but only certain representations (&) ®dcur. To determine the complete set of

eigensolutions it is necessary to employ the Frobenius Recipiidaorem.

5.2.1 The Frobenius Reciprocity Theorem [19][20]

CP" are examples of homogeneous spG/H , where G is the isometry group and H is the isotropy group,
the subgroup which leaves one point fixed. The eigensolutions offfladian on a homogeneous space form
the representations of the isometry group G induced by some matpteaseof the isotropy group H.

The Frobenius Reciprocity Theorem determines how induced re@atisestdecompose into irreducible
representations. The theorem states that the multiplititye occurrence of a particular representation of G, in
the representation induced by a representation R of H, is tecfied multiplicity of R in the irreducible
representation of G when it is decomposed under the subgroup H.casthén question G and H are infinite
groups, so the induced representation is an infinite dimengigraion space and decomposes into an infinite
number of irreducible representations of G.

Taking as an example the two-spheS? = CP' = SU(2)/U(1) the zero-form eigensolutions of the Laplacian
transform trivially under the isotropy group and so form the reptation of SU(2) induced by the trivial
representation of U(1). To decompose this representationreadtdible representation of SU(2) is examined
to see how many times the trivial representation of U(@.)the chargeless singlet, occurs after decomposition
under U(1). It is straightforward to see that the odd-dimensiepatsentations of SU(z1, 3,5, --- each

contain one chargeless singlet when decomposed under U(1) anénhgimensional representations
2.4,6,--- don't contain any. The Frobenius Reciprocity Theorem therefgkeisithat the eigensolutions of
the Laplacian form one copy each of the odd-dimensional irreduejptesentations of SU(2). These are in
fact the Associated Legendre FuncicY,™(z) . This is the reason why orbital angular momentum is never ha

2

integer valued.



One-forms transform as a covector. Under the isotropy groupthi§liwo-dimensional covector decomposes
into a (1,)-form with charge +1 and a (0,1)-form with chafgerhese form two separate irreducible
representations of U(1). Both the +1 and the -1 representationsatce in the decomposition under U(1) of
each of the odd-dimensional representations of SU(2) apartiesinglet, i.e3,5,7.---, but not in the even-
dimensional representations. Therefore the one-form eigemswudf the Laplacian cS? form two copies of
each of the odd-dimensional representations of SU(2) apartHfesinglet, one copy consisting of (1,0)-forms,
the other copy being (0,1)-forms.

The two-form eigensolutions are Poincare dual to zero-form eaggims and so form the same SU(2)
representations, that is, one copy of the odd-dimensional re@tisest , 3.5, - - - .

When the Laplacian oS? was considered in the previous chapter the Frobenius Regjpfbeibrem was not
essential to understand which representations were formdw leygensolutions. It is well known that the
scalar spherical harmonics are the Associated Legendrédnsiand the one-form and two-form
eigensolutions must all be related to these by supersymrf@iming supersymmetry quadruplets.

OnCP? things are more complicated and without invoking the FrobeniupReity Theorem it is not obvious
which irreducible representations of SU(3) occur as eigensoluifahe Laplacian.

CP* is equivalent to the homogeneous sgSU(3)/SU(2) , so zero-form eigensolutions of the Laplacian on
CP? form the representation of SU(3) induced by the trivial reptagien of U(2). The multiplicity of an
irreducible representation of SU(3) in this representatiogualego the number of hypercharge zero singlets it
contains after decomposition under U(2).

Moving inwards in the weight diagram of an irreducible Uépresentation, the number of weights at each
point in a particular layer increases by one every tiragthvious layer was hexagonal. Once a triangular layer
is reached the number of weights at each point in this taaargl within are the same. Decomposing an
irreducible representation of SU(3) under U(2), a hyperchargeseaglet will only be obtained if the number
of weights at each point increases in each layer aW#heto the centre. In this case the hypercharge zero
weights will decomposed into the U(2) representatil® ¢ 3° ¢ 5° & - - - Thus a hypercharge zero singlet
occurs once in the decomposition of the regular hexagon représesithut not in the decomposition of any
other irreducible representations. Therefore the only repreiemstaiccurring as zero-form eigensolutions of
the Laplacian olCP? are the trivial representation and the regular hexagadssach of these occurs once. The

dimension of the n-th regular hexagon representation of SUn + 1)3 .



One-forms transform as covectors whichCP? form the following four-dimensional representation on an

SU(3) weight diagram (where hypercharge has been scaled bynad‘h% ).
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and decompose under U(2) into two doublets, a (1,0)-form dc2'ldeid a (0,1)-form double 1.

After decomposing the irreducible representations of SU(3) undritan be seen that the regular hexagons
all contain both doublets, the hypercharge +1 states decomposi2! ¢ 4! ¢ 6' @ --- and the hypercharge
-1 states decomposing ir2~' o4 @6 1@ .

The hypercharge +1 doublet is also contained in the decompositilea tsfangular decuplet representation

Uspin ZX Y hypercharge

and a sequence of larger representations produced by surroundinguhletdsith irregular hexagons. If the

decuplet is considered as an irregular hexagon with sidesgthl nought and three, the next representation is



an irregular hexagon with sides of length one and four, the 3&ndiltnal representation, the next is an
irregular hexagon with sides of length two and six, the 814uio@al representation, and so on.

The hypercharge -1 doublet is contained in the decompositityre @bimplex conjugate representatici 0s,the
35, the81 etc.

The one-form eigensolutions of the LaplaciarCP* therefore consist of a (1,0)-form copy of each of the
regular hexagonal representations, a (1,0)-form copy of eable setjuence of irregular hexagonal
representations which contains the triangular decuplet aetitee including the decuplet itself, a (0,1)-form
copy of each of the regular hexagons and a (0,1)-form copy obthplex conjugate of the previous irregular
hexagonal representations.

Two-forms transform as anti-symmetric second rank cotensaking anti-symmetric combinations of two of
the previous four-dimensional covector representations gives the iftdi@x-dimensional representation on

an SU(3) weight diagram,

U?'.... : 2% Y‘_ h*jPEF‘Charae

which decomposes under U(2) as a (2,0)-form sir12lea (1,1)-form triple3°, a (1,1)-form single1® and a
(0,2)-form singlet =2,

The hypercharge zero singl%is contained in the decomposition of the SU(3) singletemnth of the regular
hexagons. The hypercharge zero trig%ts contained once in each of the regular hexagons, once in the
decomposition of the decuplet and its sequence of irregular hexagdmdso once in the complex conjugate of
the decuplet and the complex conjugate of the sequence of irreguiegons. Th12 representation is
contained once in the decomposition of the decuplet and eaclsefjitence of irregular hexagons andlL—%
representation is contained once in the decomposition of edlsb cbmplex conjugate representations.

The two-form eigensolutions of the LaplacianCP? therefore consist of a (1,1)-form SU(3) singlet, two €1,1)
form copies of each of the regular hexagon representati¢dg))eorm and a (1,1)-form copy of the decuplet
and each of its sequence of irregular hexagons and a (0,2gfwr@ (1,1)-form copy of the anti-decuplet and

each of its sequence of irregular hexagons.



The three-form eigensolutions correspond to the one-form eigessluti a one-to-one way, as do the four-
form eigensolutions to the zero-form eigensolutions due to Ba@rduality.

Taking these results as a whole it can be seen thatdberfius Reciprocity Theorem indicates thaCP* the
Laplacian has three singlet solutions, a (0,0)-form, a (1,i-ford a (2,2)-form. These three solutions must
have zero energy as there are no one-form or three-formetsaajutions to which they could be mapped by the
supersymmetry operators, so the Frobenius Reciprocity Theomowesrful enough to actually determine the
cohomology of the manifold. The three zero energy solutionsdaet the constant (0,0)-form, the Kahler

form w and the volume form V.

The rest of the solutions form supersymmetry quadruplets. &dbl regular hexagons comes in two
qguadruplets, one containing a (0,0)-form, a (1,0)-form, a (0,1)-émwira (1,1)-form and a Poincare dual
guadruplet containing a (2,2)-form, a (1,2)-form, (2,1)-form and13-f@rm. Each of the decuplet and its
sequence of irregular hexagons comes in one quadruplet con&ifiirf®-form, a (2,0)-form, a (1,1)-form and
a (2,1)-form. Each of the anti-decuplet and its sequenceeguiar hexagons comes in a quadruplet consisting
of a (0,1)-form, a (1,1)-form, a (0,2)-form and a (1,2)-form.

All the states contained in the regular hexagon represamanay be found by considering the Laplacian on
scalars and using supersymmetry operators and Poincare dbatitharly all the states contained in the

irregular hexagon representations may be found by considering plecizen on one-forms.

5.2.2 The Regular Hexagon Representations

The Laplacian on scalars is

, El=2,82=u
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Eigensolutions of the Laplacian which are members of reebeaigons will be denotexf;j’("‘)(z, w), N
signifies the level of the representation, i and j arestenvalues of the operatd;sandU; respectively, and
(k) is a degenergy label for states occupying the same pdim B8U(3) weight diagram. The highest weight

eigensolutiony " (z, u) take the form

,rl/’n z n

Xn. (Z.U) = (1—}—22—{—&’&)71

It is quite straightforward to compute the action of the Laptaon these functions.



which gives finally

It is again straightforward to show that this state is iddehighest weight state, and so is annihilated bgnd



Under the transformation , the raising operators are transformed into each other . The
state is symmetrical under this operation and so must be annthitgte as well as
Thus the representation at level n has dimension  and energy , and all the states in the

representation may be found by applying the lowering operators; and  to the highest weight state

5.2.3 The First Regular Hexagon States
The first excited state form the adjoint representatiddl(f3), the octet, and have energy E = 3.

The second excited states obtainable from the highest vetaght form the

representation. All these states are functions with deradors . The numerators are

and the energy of the states is



524 Irregular Hexagon Representations
The other sequence of representations which form eigensolutioreslaipgtacian on  may be found by

consideration of the Laplacian acting on (1,0)-forms. Thefb/@s

are states in the n-th irregular hexagon representationgstnb@ greater than or equal to one for the state to be

normalizable. These states are annihilated by the Lie &er@valong the ladder operators, and

SO are outer weight states.

The holomorphic exterior derivative and its adjoint act on tbaseforms thus

S{o) are coclosed with respect to the holomorphic exterior damva

which gives finally for the operation of the Laplacian

so the energy of the n-th irregular hexagon representation is



The other members of the representations may be found by antthgse outer weight states with the Lie
Derivatives along the ladder operators: . The dimension of the n-th lowest of these

representations is given by the formula

the first one being the decuplet. The (1,0)-forms which nupkilie decuplet representation and have energy

all have denominators with numerators as follows

These representations are complex so their complex conjugaséslso be (0,1)-form eigensolutions of the
Laplacian, the ,the ,the etc.

The other three members of the supersymmetry quadrupletsringttiese 1-forms; i.e. the two 2-forms and a
3-form may of course be found by applying the supersymmetry op&rat



5.3 Killing Vectors on

The fact that SU(3) is a rank 2 Lie group means thapivssible to introduce a two parameter family of Killing
Vectors into the supersymmetry algebra. The simplest avdg this is in terms of the two hypercharge

operators  and

The effect of the Killing Vector acting on the coordinateignéinitesimal rotation, which generically will
leave three points fixed. The easiest way to find the fpants is to consider the homogeneous coordinates

. In these coordinates the Killing Vector takes the form

and the effect of this operator on the homogeneous coordinates is

where is an infinitesimal parameter, so the only points unchangeéd agcaling by a complex number are

the three fixed points.
In terms of the inhomogeneous coordinates these three points argihe in the three coordinate patches

used to cover . In the first coordinate patch

the origin corresponds to

In the second coordinate patch



which in terms of the coordinates  on the overlap of the patches . Using the chain rule to

transform the coordinates, the Killing Vector in the secoridp@ke the form

The fixed point in this patch is again the origin and corresponds to the point

In the third coordinate patch

the Killing Vector takes the form

The fixed point is the origin and corresponds to the point

There are also three cases when the fixed point set Kiltimg Vector doesn't just consist of isolated fixed
points, but is composed of one fixed point plus a fixed submanifold. The three cases for which this occurs
are whens =0ort=0ors =t Inthese cases thiagkVVector is an SU(3) hypercharge operator and so
commutes with an SU(2) subgroup of SU(3), this SU(2) being thesispmroup of the fixed

submanifold. The first of these Killing Vectors in terofigthe homogeneous coordinates is

and its infinitesimal action on the coordinates is

so the fixed point set consists of the point

and fixed submanifold



In terms of the inhomogeneous coordinates, the first and thiclggabn  are needed to completely cover

this fixed submanifold. The form of the Killing Vector in these twagbes is the same

in the first patch, and

in the third patch. The inhomogeneous coordinates that corresptiradficed are

in the first patch,

in the third patch.

The second hypercharge operator

has a fixed point set consisting of the fixed point

and the fixed submanifold

The action of the third hypercharge operator

on the homogeneous coordinates is



so the fixed point set consists of the fixed point

and the fixed submanifold

The standard form of the Killing Vector on any patch is

where both parameters and are positive. To achieve this form the coordinates mag t@be redefined by
interchanging one or both of the holomorphic coordinates with theingatg coordinates. Each coordinate

interchange produces a reversal of the orientation of the patch.



5.4 The Introduction of a Killing Vector into the supersymmetry algebra
The exterior derivative may now be generalized by the inclugi@rKilling Vector to give , Or more

specifically

leading to the Hamiltonian as in section 3.

This operator may be split into a holomorphic piecand an anti-holomorphic piece, where

maps (p,q)-forms to (p,g+1)-forms and (p,g-1)-forms.
maps (p,q)-forms to (p=1,q)-forms and (p-1,q)-forms.

54.1 Cohomology corresponding to

It has not been possible to find all the harmonic forms irséimse of on . The independent harmonic
forms are however in a one-to-one correspondence with thelssdesed but not exact forms, so it was
decided to settle for finding representations of theseedanghe sense of . When acting on the subspace of
zero energy states , SO may be treated like a nilpotent operator. Witten ([1] p228 gives a formula

for , closed but not exact forms in the sense gfwhere i is an index running over the cohomology classes.

With being a 4-dimensional manifold this reduces to

where is the test function

otherwise

local max.

which is only non-zero over a region of containing one fixed submanifold i.e. either a fixed point axedf

. This is a continuous function because when the denominata ekfionent’'s argument is zero it



vanishes along with all its derivatives. The parametetust therefore take a positive value less than the local
maximum of  surrounding the fixed submanifold. are the representatives of the cohomology of the fixed
submanifold. The dual of the Killing Vectorand the function are defined in Appendix 3(i).

The are annihilated by the exterior derivative d by definitiona@sd by because they are defined on a
fixed manifold, therefore . The fact that the other piece of thas annihilated by depends on the

relation which may easily be shown to be true as follows:

because k is a Killing Vector

or

The non-exactness of the follows from consideration of the fixed manifolds. On a fixeanifold equals

the ordinary exterior derivative d which maps p-forms to (gefhs, and the lowest-form part of is then
. If  were exact in the sense ofthis would imply that the were exact in the sense of d which

is not the case. The other two terms iron a fixed manifold are manifestly exact as and are
constants.

All this may be clearly illustrated for both the fixed paamid the fixed  cases by consideration of the

Killing Vector . The function  corresponding to this Killing Vector is
This is a degenerate Morse Function with three extremanitnienum on the fixed
, the maximum on the 3-sphere and the minimum
on the fixed point . The Morse Indices of these critical manifolds are perO f

the and the point and p = 1 for the. This incidentally gives the following values for the Moraanbers

using the formula at the end of section 1.2.1.



Thus giving the value of the Euler Characteristic of as

Near the fixed  the two form  may be calculated to be

The two representatives of the cohomology of the are

The parameter may take any value greater than zero, but less thathe maximum value of which is on

the . Taking equalto the test function simplifies to give

Putting all these terms together in Witten’s formula gitweo even-forms and closed but not exact in the

sense of

In the second patch the Killing Vector takes the form . Near the fixed

point, the origin of this patch. and take the following form



The representative of the cohomology is the constant zero-form . The nearest maximum to the fixed
point is where , Which is of course the same 3-sphere as previously, where . Taking this

maximum value for the test function simplifies to

These expressions may be combined therefore to fornthe third representative of the cohomologyv of in

the sense of . The are only defined up to the addition of an exact form, sodneynembers of a
three parameter family which is apparent in the freedoscdte between zeroand . , and are all

even-forms so the Euler Characteristic of is just three, the sum of the dimensions of the even cohomology

groups.

54.2 The Zero Energy Solutions

Zero energy eigensolutions of the Laplacian correspondingfe@e much more stringent requirements
allowing no freedom to scale any arbitrary parametersslbban possible to find the two self-dual even-form
zero energy eigensolutions, but unfortunately not the anti-selfzéualenergy solution.

Using the anti-holomorphic part of it is possible to show, as follows, that the even-forms

where s the Kahler form, are zero energy eigensolutions of theiltdauan.



The anti-holomorphic exterior derivative annihilates the Kaldenfand the interior product only acts on the
exterior algebra, the full operator therefore annihilates the states and . Moreover these

states are real and so are annihilated by the holomorphicaperas well and therefore are closed in terms of
the generalized exterior derivativeand are therefore zero energy eigensolutions of the Haraittavhich is

the generalized Laplacian.

5.4.3 Excited States

The self-dual zero energy eigensolutions of the Hamiltonfgar, the introduction of the Killing Vector into

the supersymmetry algebra consist of combinations of gresentatives of the cohomology of multiplied

by scalar functions. These combinations of the representatities cbhomology may be substituted into the
Schrodinger Equation to diagonalize the Hamiltonian. Wherhdgseen done the Hamiltonian takes a much
simpler form. On scalars it consists of the scalar Laptggias a function of z and u.

Taking the first of the zero energy eigensolutions

After the substitution of the differential form part of teution, , into the Schrédinger

Equation the resulting diagonalized Hamiltonian on scalars

must give zero when acting on the scalar part of the ealuti . The action of the Laplacian

on this function may therefore be used to find

which gives the function as



The excited states form supersymmetry quadruplets which cohsistate composed of one of the zero energy
states multiplied by a scalar function plus its three sypergetry partners. States formed from products of
functions with the different zero energy states are in sepau@ersymmetry quadruplets.

Apart from the zero energy solution, eigensolutions o€annot be found exactly.

A more tractable form of the Hamiltonian for the purposes dtigeation theory can be obtained by using the

zero energy eigensolutions as an integrating factor. With tor the moment, put

The conjugated form of the Hamiltonian

is therefore

(1)

Due to the linearity of the derivatives in the potertgain, the conjugated form of the Hamiltonian when

follows immediately



The general form of the Hamiltonian , after the substitution of a zero energy solution, vahémacting on a
p-form of arbitrary p is the sum of the Laplacian and tleeérivative along the vector appearing in the

Hamiltonian when acting on scalars,

The form of the Hamiltonian acting on excited states corresponding to the other zergyestate

follows straightforwardly by transforming the parameters stasdffollows: ,

Generically the potential term in the Hamiltonian commutes with the

Cartan Sub-Algebra of SU(3), and , but not with any of the other generators. The SU(3) symroéthe

Hamiltonian is broken to
For the special cases s =0, t = 0 and s = t whereillnregl/ector is a hypercharge operator, the potential term

commutes with the hypercharge operator and an SU(2) subgroup3)f StJthe SU(3) symmetry is broken to

By a slight rearrangement the potential term can be tewriih terms of ladder operators and states in the
SU(3) octet.

transforming

The general Killing Vector leads to the term

which shows that when computing corrections to the energy in patitam theory only matrix elements
between states of the same weight , In the same representation or one immediately above or

immediately below. or , heed to be considered.



5.5 Perturbation Theory
551 1st order perturbation theory (The Octet)

Unlike on the 2-sphere, the first order perturbative contributions ordon’t all vanish. On the 2-sphere there
is an argument due to symmetry of the Hamiltonian under , Where z is the coordinate on the sphere,

which shows that the matrix elements for first order pertwhbakieory vanish. However on no such
symmetry exists.

From the form of the perturbation which is made up of first odeéevatives, it is obvious that the zero energy
ground state solutions which correspond to , receive no contributions to their energy in any order
of perturbation theory. The first order energy shift of thepstates can be calculated by acting on the
wavefunction with the perturbing term and then expanding thit s a linear combination of the

eigensolutions. For the octet



Degenerate perturbation theory must be used to find thefidst shift for the two states with

Substituting in for the matrix elements gives

corresponds to the eigensolution

corresponds to the eigensolution



Collecting together the results for each member of the a@beefirst order shifts due to the introduction of the
perturbation are

where the position of the energy shift in the diagram corresgorttie position of the eigensolution in the

octet. As expected this perturbation breaks the original Sty(Bnetry to , the SU(2) being
which commutes with , giving a triplet, two doublets and a singlet under this group.
Using the symmetry under , the energy shifts due to the perturbation follow

immediately by a rotation of the previous octet diagram. This gives

Due to the linearity of the first order matrix elememsthie case of the general perturbing term

, the first order energy shift is the sum of that fromtihe terms

separately, except for the case of the two states with where degenerate perturbation theory must be
used. In this case the energy shifts correspond to the eiges\d the matrix



substituting in for the matrix elements leads to

which gives as the eigenvalues and their corresponding eigéossl

The first order energy shifts due to the most general jpation for each of the members of the octet

corresponding to the zero energy ground state  consist of

which shows that only in the three cases s = 0, t = 0 artdis there an SU(2) subgroup unbroken.

The shift in the octet corresponding to ground state  may be found by transforming



5.5.2 First order perturbation theory for other representations

Taking the Killing Vector , to illustrate the effect of the perturbation on the giesrof higher
energy representations, the effect on the representationspomsso is related to the effect on the
representations corresponding to by changing s to —s. The first order shift in energy of tghdst

weight wavefunction of any of the regular hexagon representatian be found quite easily.

so that the first order shift for the highest weight states

The same calculation for the state gives

so that the first order energy shift for these states is

The first order corrections for the whole of the second exoitgalar hexagon states, the 27, can be calculated
by using the fact that the subgroup is unbroken, that the sum of the energy shifts irofotet
degenerate perturbation theory is zero and that the sura fifshorder energy shifts of the whole 27 must be

zero. The shifts are:



Taking into account that changing to rotates the diagram throughand ensuring the

correct symmetry breaking in the cases s = 0, t = 0 ande&ads to the energy shift diagram for the general

perturbation . The first order energy shifts for the 27 corresponding to

the ground state are:



1% Order Perturbation Theory (The Decuplet)
The general form for the perturbation produced by the Killing &fect is the Lie Derivative

. Acting with this operator on the (0,1)-form highest weighhefdecuplet

gives

which can be decomposed in terms of (1,0)-form eigensolutions as:

where

and

are members of the (1,0)-form representation, and

is a member of the (1,0)-form representation.
Thus the contribution to the energy of the highest weightetiecuplet from first order perturbation theory

vanishes. Using the Killing Vector the action of the perturbation on the highest weight state

of the decuplet is:



The highest weight therefore has a zero contribution to its emefyst order perturbation theory for any
Killing Vector. The same is in fact true for all membefshe decuplet.

5.5.3 Second Order Perturbation Theory
The simplest Killing Vector to use in an example of secodérgperturbation theory is

due to its symmetry under the interchanae . The corresponding

potential term in the Hamiltonian

conserves i and j, and changes n by zero, plus one or minusheneuber of matrix elements contributing in
second order perturbation theory is therefore very smalhessecond order contributions to the energy of the

octet corresponding to the ground state , can be straightforwardly calculated.

For example the contribution to the energy of the highest wediafiet s is

the two terms being equal due to the symmetry under . By the decomposition of the operator T acting on

used in the first order perturbation theory

The simplest way to calculate the other matrix elemetot use explicit integration over . The volume of

is



Changing coordinates to :

Due to the fact that T conserves i and j any dependence @md in the matrix elements cancels, so the

integration measure is

The factor of will be neglected as it will cancel when the waveflordiare normalized.

The action of the operator T on the wavefunction is

so that in terms of the coordinates and  the matrix element is

and the normalization term

Substituting each of these factors, along with , into the formula for the second order

energy shift gives

Performing the same calculation for the state gives the matrix elements as



which gives the second order contribution to the energy

By symmetry under this is the same as for the state ,

In order to calculate the second order energy shift of thesstathe centre of the octet with i =j =0, the

diagonalized eigenfunctions from the first order calculatienused. These eigenfunctions are

Acting on these functions with the operator T and decomposingetult in terms of the eigenfunctions of the
Laplacian gives

These expressions determine half the matrix elements neededhpute the second order contribution to the

energy. After explicit integration of the values of the other matrix elements are

and the factors due to the normalization of are



Combining all these results gives finally

The second order contribution to the energy due to the Killingovec , for the

whole octet are:

The previous calculation could have been performed in the samé&viind the second order energy shift of
the decuplet but would have been even more tedious with having tbeukie Derivative of the perturbing

vector and because there are up to four terms contributingisechs opposed to two in the case of the octet.



5.6 Asymptotic Solutions on
5.6.1 The Harmonic Oscillator Approximation

(Isolated Fixed Points)
In the case where the Killing Vector has three isoléitet! points the Hamiltonian tends to a harmonic
oscillator around each of the fixed points in the largarggelt limit. There is one zero energy eigensolution
localized around each fixed point. The zero energy eigensolutialized around the first fixed point

, or in inhomogeneous coordinates the origin in the first patch is

The fact that this solution has zero energy can be demtamtsby operating on it with .

which gives . Taking the complex conjugate it follows immediately that as
well and so . Using the locally Euclidean metric near the fixed point, is self-dual
under the Hodge Star and so is also annihilated by the conjugas¢oopein the harmonic operator

approximation, therefore is a zero energy eigensolution of the approximate Hamiltonian

Around the other two fixed points, or in the second patch, or
in the third patch, the zero energy solutions are complatellogous.

Taking

which can be seen to be annihilated by the Hamiltonian ihahmonic oscillator approximation using the form
of the Killing Vector on each patch.

Topological invariants of  are now determinable in terms of the zero energy eigermamsuticalized around
the fixed point set, as in section 3. There is an even-fenmenergy eigensolution localized around each of the
three fixed points which indicates, due to the independenite ahdex of the supersymmetry operators under
changes in values of the parameters s and t, that the@haeacteristic of is

It is straightforward to find the excited states. Near the fixed point as well as the

ground state there are higher energy states



Higher energy states may be found by acting on these stittethe harmonic oscillator ladder operators

The first two operators raise the energy by 2s, the sdeanty 2t.

The excited states form representations of , due to the symmetry of the harmonic oscillator
Hamiltonian, of dimension where and are integers. After taking into consideration the

contributions to the energies the energy levels will be &pfiborm representations of , the

symmetry group of the exact Hamiltonian.

Each of these states is in a separate supersymmetdyuplet, the other three members of which may be found
by applying the two supersymmetry operators in this approximation.

The energy levels of the excited states around the othergdoiats are similar, but with the parameters altered

due to the different forms of the Killing Vector in eadltttee patches. Near the second fixed point,

, the energies of the states may be found by transforming . Near the third fixed
point, , the energy may be found by transforming those in the firstvziise
5.6.2 The Harmonic Oscillator Approximation

(Fixed Submanifold)
When the Killing Vector leaves fixed a submanifold the Hamiltonian asymptotically takes the fofra
two-dimensional harmonic oscillator in the two directions waree to the fixed plus the Laplacian on the

fixed . Taking the zero energy solutions are



which are localized around the fixed . These solutions are the product of the transverse harmoiliatosc
ground state with the self and anti-self-dual representativie® cohomology of the fixed . The other
approximate zero energy solutions are localized around thegdbiat , the origin in the second

patch

These three zero energy even-form eigensolutions again ilusteLefschetz Fixed Point Theorem, giving

In this case, i.e. t = 0, the Hamiltonian on scalar akoits of and is
where is the Laplacian on scalars and is
Substituting and retaining terms of order , so that for large s, near the fixed ,

takes the approximate form of a harmonic oscillator

The solutions being

with energy and where i is the eigenvalue of the central charge



5.6.3 The Hirzebruch Signature

The Hirzebruch Signature of , the number of self-dual forms minus the number of anti-self-dual
forms, is one. It is always possible to put the eigenswigtof the Laplacian in a basis where they are all either
self or anti-self-dual by pairing eigensolutions with their duader the Hodge Star. In this basis every non-zero
energy self-dual eigensolution is paired with an anti-self-gollaition, so only zero energy solutions contribute

to the signature. On in this basis the zero energy eigensolutions of the Laplare

, which is self-dual

, Which is anti-self-dual

, which is self-dual.

After introducing the Killing Vector into the supersymmeditgebra the index of acting on
must still be equal to the signature for all values afdsta
The relationship between the Killing Vector and the signatarebe seen in terms of the form of the Killing

Vector on the three different patches.

where is the number of the parameterswvhich are negative in the Killing Vector on the patc®n the

Killing Vector with ,

has no negative on the first patch, two negative on the second patch mad@gative on the third, so
, See section 5.3.

Alternatively, in terms of the orientation on each patch,

where or depending on whether or not the orientation on the patch agitbethevnatural
orientation on  after the Killing Vector has been put in the standard f@mthe first and second patches

the orientation is the same as the natural orientation atftedhird patch it is opposite.



When s and t are large and the low energy solutions become localized around thegiatl the

zero energy solutions around the fixed points in the firstsaodnd patches are self-dual and that around the
fixed point in the third patch is anti-self-dual, as intigec5.6.1.

When there is a fixed e.g. t =0 and s large one of the zero energy solutions atioefided is self-

dual and the other is anti-self-dual, because , and the zero energy solutions localized around the

fixed point is self-dual, as in the previous section, again coinfg

5.6.4 Corrections
The corrections to the energy break the symmetry from , Where one is the isometry
group of a fixed  and the other is due to the symmetry of the transverseoharmscillator, to
the symmetry group of the exact Hamiltonian.
To find the contributions to the asymptotic expansion for the energy isiegao use the form of the

Hamiltonian obtained after using as an integrating factor, equation (1)

Substituting into this equation and retaining terms of order gives

The lowest energy eigensolutions ofare the Associated Legendre Functions

The next lowest energy eigensolutions take the form of expansiposviers of , i.e.

Inserting this expansion into the Schrddinger Equation gives theorelati

so that for closed solutions , Where k is an integer greater than or equal to zersel$@utions are

each in an SU(2) multiplet under the unbroken subgroup of SU(3). The other members of the multiplets



may be found by using the ladder operators . Taking complex conjugates gives another set of multiplets
with

The first excited state of the Laplacian on , the octet with energy E = 3, has split in the laxdjenit to form

an SU(2) triplet

with energy E = 2,
two SU(2) doublets

with energy ,

and a singlet

with energy



5.7 Summary
The ordinary Laplacian on is invariant under the isometry group SU(3). Which representatre formed
by the eigensolutions of the Laplacian is determined by the RinsbReciprocity Theorem.
After the introduction of a Killing Vector of the generalrfor into the
supersymmetry algebra the Hamiltonian is symmetrical under in the general case and

when the Killing Vector leaves fixed a submanifold. A formula of Witten’s involving the
cohomology of the fixed submanifold has been used to find thre#ids of closed but not exact even-forms in
the sense of . This corresponds with the fact that the Euler Charadteost is . The zero
energy eigensolutions of the Laplacian corresponding &we more difficult to find; the two self-dual ones
have been found, but unfortunately the anti-self-dual one hasn’t/
The change in energy of the excited states was calculategl perturbation theory and used to illustrate the
breaking of the SU(3) symmetry.
In the large s, large t limit the low energy solutions bextmnalized around the fixed submanifold of the
Killing Vector. In the generic case when the Killing Vediast leaves three points fixed the Hamiltonian takes
the approximate form of a four-dimensional harmonic oscillator aroaci fiexed point. There is one zero
energy even-form solution around each fixed point again correspondititei@fschetz Fixed Point Theorem
to
Two zero energy solutions are self-dual and one is anti-salfeduresponding to
When the fixed point set consists of a fixed and a fixed point, in the harmonic oscillator approximation the
zero energy solutions consist of two around the fixed with one self-dual, one anti-self-dual and one around

the fixed point which is self-dual.
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