Chapter 3

Fixed Point Theorems

Appendix 3(i)
Topological Definitions and Results [5], [9]
Much of this thesis is concerned with differential topology @mpact Riemannian manifolds. This appendix
contains definitions of certain of the operators which are Udeglobjects on which these operators act are
differential formsw,, which are the totally anti-symmetric covariant tenselds
wp = f(@)iyigeipda™ Ao Nda'
The wedge product being the anti-symmetric tensor product.

The exterior derivative maps p-forms to (p+1)-forms accordirigeaule:

0
- Ox

dw, f(:1:)l-“-.zi.il-pcll"'lﬂrl Adzt A -+ A dxt

ip+1
where the new differential line element is introduced leeémy previously existing wedge products. The
exterior derivative gives zero when applied twice dueecsshmmetry under the interchange of the two

derivatives and the anti-symmetry of the wedge product.
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The interior product of a vectk = kl? with a p-form is defined as:

i
ixwp = k' firigei,dz Ao A da'r
mapping p-forms to (p-1)-forms. This is also a nilpotent operat
There is a natural correspondence between the space of pafieditise space of (n-p)-forms. This motivates
the introduction of the Hodge Star Operation which transforfiesms into (n-p)-forms. The Hodge Star is

defined as:
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where g is the determinant of the metric tensor. Perforrhisgperation twice in succession produces the

*(dz™ A« Nda'r) =

result:
", = (1P,
where n is the dimension of the manifold.

The adjoint of an operator is defined via the inner product
(. Bp) = / o N7y
M

The definition of the adjoint of the exterior derivative is
(dap—bﬁp) = (apfla 5/))])) .



An explicit formula fors may be found by equating the integral of a total derivatie® axcompact manifold

without boundary to zero using Stokes’ Theorem.

[diaring)=0= [l g+ (-0 [apindis).
Inserting the square of the Hodge Star in the second intgiges

(dap-1,B,) = =(=)D (=)D e,y *d" )
resulting in the formula

§ = (—1)mpntxgs
A p-form which can be written globally as the exterior demeaof a (p-1)-formw, = do,_;, is called an
exact p-form. A p-form which can be written globallyw, = dc,,; is called co-exact. Hodge’s Theorem
states that on a compact manifold without boundary any p-forrhecaniquely decomposed into the sum of an
exact, a co-exact and a harmonic piece

wy = doy_1 4+ 0Bpt1 + Y
where harmonic means that the p-form is annihilated by bothxtéear derivative and its adjoint.
The adjoint of the interior product with a veckois the exterior product with witk, the one-form dual tk.
This is defined in a completely analogous way

(i1, Bp) = (Cpt €if3p) -
The explicit form ofe; may be found by using the fact tloy, 1 A x5, is an (n+1)-form and therefore

identically zero.

/ik[CVp+1 AN*Bp)=0= /[z’kap+1] A* By + (=17 / 1 Nik["Bp] -
Inserting the square of the Hodge Star, as previously, leabe formula for the exterior product
e = (=)D
The dual one-forrk = k,dz’ may be obtained from the veck = k:fd% using the metric tensé; = g,;%" .
The functionk? = i,k is therefore
K? = k;k? = gi; k'K
A positive definite operator, the LaplaciA g, may be defined in terms of an operator, dayand its adjoint
Js.
ANg=dgsds + dgds .
The fact that this operator is positive definite may be demaiestby consideration of the inner product of the
p-formsw, andAsw,, .
(wWpy Asw,) = (wp, dsdsw,) + (wp, dsdsw,)
= (0swp, Oswy) + (dsw,, dswy,)
>0
Any eigenvalue of the Laplacian must therefore be greaterothequal to zero becaused, is a normalized

eigenform with eigenvalue E, th(w,, Asw,) = E'.



3. Fixed Point Theorems

As with the Morse Inequalities, Witten uses an index #iraamethod to prove the Lefschetz Fixed Point
Theorems, but by employing a slightly more complicated supersymoragstem. These theorems equate the
Euler Characteristic and Hirzebruch Signature of a manifottiose of any submanifold which is invariant
under the action of a vector. In what follows only the even-dirmeakcase will be considered, as the Fixed
Point Theorems are trivial for odd-dimensional manifolds, see AR (ii).
On a compact, oriented Riemannian manifold M, which admétattion of a one-parameter group of
isometries generated by a Killing Vectarthe exterior derivative may be generalized to

ds = d + siy
where s is an arbitrary parameter, @0 the interior product with the Killing Vector. The squafé¢his
operator is the Lie Derivative along the Killing Vector.

d? = s(diy + ixd) = sLy .
In the even-dimensional case the adjoind of the operatad,, where

0y = —"d* — s™i, = 0 + sej .
The operatoe;, = —*i;. is the exterior product witk, the one-form dual to the vectoras defined on the third
page of Appendix 3(i). The square of the Hodge Star operation is

Hw, = (—1)w,
wherew, is a p-form. This leads to the result that the squareechdjoint operatc, is minus the Lie
Derivative along the Killing Vector.

6.2 = —s(*d*ig + *ig*d*)

= —s((=1)" P71 dif + (—1)"P T i d*)

(—1)PHs*(diy + iged)*
— (_1)])+18*£k*
= (—1)2tsLy
= —sLy .

This result, thas,> = —d,?, only occurs due tk being a Killing Vector. Becaudegenerates an isometry the

Lie Derivative acting on the metric gives zellg = 0, and so the Hodge Star operation commutes Lyth



3.1 The Lefschetz Fixed Point Theorem
Defining the supersymmetry operator in terms of the gezechéxterior derivative and its adjoint

Dy =ds + 0,

gives the Hamiltonian as
Hy, = D? = dy0, + 65ds + d2 + 62 = dsbs + 05, .

The operatod, maps p-forms to (p+1)-forms and (p-1)-forms, so the supersymo@rator maps even-forms
to odd-forms and odd-forms to even-forms. Acting on the exteriebedgdecomposed inA“*" (M) and
A (M), the index of the supersymmetry operator is the number affeven eigensolutions of #minus the
number of odd-form eigensolutions. The Lefschetz Fixed Point Theorgrbenaroved by arguing that this
index is independent of s, and then studying the large s speafitne Hamiltonian equating the value of the
index when s = 0 and s tends to infinity. The reason tleahttex does not vary with s derives from the fact
that all non-zero energy solutions of the Schrédinger Equationdoadruplets,
(U(x),dsV(z),0,¥(x),d05V(x)), two even-forms and two odd-forms, whose contribution to the iisdex
therefore zero.
The degeneracy of these solutions may easily be demonstfatedg¥ () to be a solution of the Schrédinger
Equation with energy E,

(d6, + 6.d,) U (x) = EV(x)
and acting with the operatd,, gives

ds(dsds + 05ds )V (2) = EdV(x)
d*> = L, = =562 implies [Ly,d,] = [d?,6] =0.
The fact thad, commutes wittd? gives

(8. + d6:d )V (2) = EdV(z)

(0sds + dsd4)d VW (z) = Ed W (x)
sod,V(z) is also a solution of the Schrédinger Equation with energyriileBly 5, andd,d, commute with the
Hamiltonian to give new solutiord, ¥ (z) andd.d,¥(z), with energy E. These are all the solutions which are
degenerate due to supersymmetry becd?V (z) = £,V (z) . £, commutes with the Hamiltonian, ¥ (z)
may be taken to be a simultaneous eigensolution of both of dpesatorsd,d,V(z) = EV(z) — ds0,¥(z) , SO
this also does not give a new solution.
The Hodge Star * also commutes with the Hamiltonian thus douthiiingegeneracy of the excited states to
eightfold.
The zero energy solutions are supersymmetry singlets, aneihidsid, andd, . The index of the
supersymmetry operator acting A" (M) andA°?(M) is therefore the number of zero energy even-form
solutions minus the number of zero energy odd-form solutions. Asathenpter s is varied continuously the
index cannot change. For some value of s a solution with zeroyemaggobtain a positive energy or the
energy of one that was positive may fall to zero, but angtisak whose energy, as a function of s, behaves in

this way must be a member of a degenerate quadruplet, saéxewill not change.



When s = 0 the supersymmetry operat«) = d + ¢, and the index is the index of the De Rham complex
which is equal to the Euler Characteristic of the maniy(M ). The value of the index for large s may be
found by a closer examination of the Hamiltonian and turns aequal the Euler Characterisy(/N), of the
fixed submanifold N. The fixed submanifold consists of the S§pbmts which are mapped into themselves by
the action of the isometry, i.e. the points at which allcibraponents of the Killing Vector vanish.
Writing out the expression for the Hamiltonian more explicitly

H, = do,+ d.d,

= (d + six)(d + seg) + (6 + seg) (d + six)

=do + 6d + s({0, i} + {d, ep}) + s*{ix. i} .
The interior product ok with its dual is the function K2, defined in Appendix 3(i), efmonly vanishes on the
fixed submanifold. Calculation of the anti-commutatorthe Hamiltonian may now be performed.

{ix, e} = ixeg + eix
After using the Leibnitz Rule for an anti-derivation, thigeg

{ik. 612} = (Zkf(> — ef(ik + Gl}ik

=K?.
Similarly
{d, Bf(} =€ — (if(d + 61;(1
= edf(
and

{65} = —{"d".ine)
= —(=1)P({d."ix}")
= (~1p(ey)
where*e’; acts as an interior product.
The full expression for the Hamiltonian is therefore,
H, = do+0d+ s> K? + s(eqp + (—1)P("ef, )

eqi acts on a p-form to give a (p+2)-form &*e’. acts on a p-form to give a (p-2)-form.



3.1.1 Isolated Fixed Points

For s large the Hamiltonian is dominated by the potergiat 52K2 which is large except near the zeroes of K2,
that is, the fixed point set of the Killing Vector. The lemergy eigensolutions thus become concentrated
around the fixed submanifold N. The case when N consists of iddiatel points is similar to the case of non-
degenerate Morse Theory discussed in sections 1 and 2, tikdd@n approximates to a harmonic oscillator
around each zero of K2. Using a locally Euclidean coordinatesyand using the fermion creation and
annihilation operator notation gives simple formulae for thevemt operators. The Killing Vector takes the
form of a rotation around the fixed point. After rotating andstating the fixed point to the origin to simplify

the formulae, and reflecting if necessary
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where the xhave been labelled such tlkais in the standard form whe); > 0, for all i. The adjoint operator

ej, takes the form
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which leads to the formula for the exterior opere;zr
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The adjoint of this operator may be obtained by acting on teeanproduct operatc, with the adjoint of the

exterior derivativel.
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The function K2 is
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the anti-commutator{as;, a5;_, } = 0, because 2i is even and 2j — 1 is odd.

Putting these various formulae together gives the approximatdtblaian, localized near an isolated fixed
point at the origin as

n
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This Hamiltonian has one zero energy eigensolution, whictbedound as follows. Note that
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Therefore this leads to a normalizable even-form () which is annihilated bd,, the first order

approximation td, .
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where|0 > is the fermion Fock Space vacuum, the state annihitgted the annihilation operators, and where
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the exponential iI(L*- is a finite series due to the finite dimension of the foddhi
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whereg;, | means thagq;, , is omitted. Acting with the Hodge Star and using thellpdiat metric



= (_1)9(_1)%63723[— a’éz—_méi]

M
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wheref equals 0 or 1, depending on whether the orientation on the catergiatch containing the fixed point
agrees or disagrees with the natural orientation of thefabdiTherefore¥(z) is self-dual or anti-self-dual,
depending on the orientation of the patch and whether the dimendl@mofnifold is an even or an odd
multiple of two. This implies thely(z) is also annihilated bj, to this approximation:

0 Wo(x) = —(*d2) Wy (w) = £*d Wo(z) = 0
W, () is the only normalizable state which is annihilate«d,ognd also by,, due to its self or anti-self-duality;
it is therefore the only zero energy eigensolution of gr@imate HamiltonialH, . All other eigensolutions
have energies proportional to s.
Taking into account all the fixed points leads to the LefsdRiezd Point Theorem. The total number of even-
form approximate zero energy soluticV,, is equal to the number of fixed points. There are no odd-fenm
energy solultions. Equating the value of the indeD afacting on the decomposed exterior algeA“"*" (M ),
A° (M), when s = 0 and when s tends to infinity gives

X(M) = Bi(M) — B_(M) = N, = number of fixed points
whereB, (M), B_(M) are the sum of the even, odd Betti Numbers of M.

3.1.2 Non-isolated Fixed Points

These considerations generalize straightforwardly to treewhere the fixed point set does not just consist of
isolated fixed point. For large s the low energy solutiord@ralized around the fixed submanifold N. Near a
connected component of the fixed submanifojdddordinates may be chosen locally to give a product space
of the (n-2q)-dimensional submanifol@,Mind 2g-dimensional Euclidean coordinates. In these coordinates th
Hamiltonian takes the approximate form of the Laplacian goidé$ a 2g-dimensional harmonic oscillator of
the same form as in the isolated fixed points case. Teei@xtlerivative may be split into the exterior
derivative on N, which anti-commutes witi;, and a piece in the 2q flat coordinates which doesn’t. Tlee zer
energy solution¥; () in this approximation take the form of products of the repratieas of the

cohomology of N with the zero energy solution of the 2g-dimensional harmonitiaiec

q q

Ui (z) = x'(x) exp[—% Z A3y 4 @3] exp[— Z[(L;j_la,;j]\() >

=1 =1



where the are the representatives of the cohomology ofle fact that follows
immediately from the fact that  is annihilated by the exterior derivative op Bnd the harmonic oscillator

ground state part of is annihilated by the rest of. In this approximation the Hodge Star will act

separately on each part of the product space, giving

where is the Hodge Star ongN must also be a representative of the cohomology, dyNPoincare
duality; therefore implies

Taking into account all pieces of the fixed submanifold Ntoltel number of even-form approximate zero
energy solutions Nis equal to the sum of the even Betti Numbers of alcdmponents of N, and the total
number of odd-form approximate zero energy solutions Bqual to the sum of the odd Betti Numbers of N.

The fact that the index is independent of s gives,

the Euler Characteristic of the whole manifold equals therEillaracteristic of the fixed point set.

The results will be illustrated by analysis of supersymimguantum mechanics on the manifoldsand
These models will be analysed in detail, including examinatioheoéxcited states. In contrast to the zero
energy states which are only dependent on the topology, thedestztes depend on the geometry of the
manifold. The zero energy states are singlets under thiohadgmisometry group whereas the excited states
form non-trivial representations. Distorting the manifold waltdr the isometery group and so have a non-
trivial effect on the excited state; similarly distagithe exterior derivative gives a Hamiltonian which is no

longer invariant under the action of the full isometry group.



3.2  Bound on the Betti Numbers of the Fixed Point Set

Two other inequalities which follow from Witten’s analysie ¢he bounds on the Betti Numbers of the fixed
point set:

These inequalities may be demonstrated straightforwardfpllaws.

For any non-zero s the number of zero energy eigensolutionsisfindependent of s and denoted

This quantity’s independence of s is demonstrated by definiogerator , which multiplies a p-form by

, and conjugating by this operator:

where . Conjugation by  cannot change the dimension of the states closed but noirexae

sense of , thus s may be changed to an arbitrary non-zero value wdterihg the number of zero energy
eigensolutions of

As the continuous parameter s is varied the only value ahvimcnumber of zero energy eigensolutions may
change is s = 0. The energy of an eigensolution expressddragian of s, E(s), will vary continuously as s
changes. If E(s) = 0 for all s > 0, it must be zero whenequal to zero by continuity. However, if E(s) > O for
all s> 0, itis possible that E(s) 0 as s 0, so it is possible for a supersymmetry quadruplet of siatesve

an energy which converges to zero as s vanishes. This sntipdiethe number of zero energy eigensolutions

when s = 0 must be greater than or equal to the number oérzergy eigensolutions for non-zero s, i.e.

Using the relation leads to bounds on the sum of the Betti Numbers of N.

Along with the Lefschetz Fixed Point Theorem

this gives the two inequalities:
Moreover the difference between these quantities mustdredrie to the fact that the solutions whose energy
converges to zero must form supersymmetry quadruplets:

where K is an integer. A case where these inequaliteesa@irsaturated is the torus T2, see Appendix 3(iii).



3.3 The Hirzebruch Signature
Acting with the Hodge Star on the Schroédinger Equation

leads to the conclusion that if  is a solution with energy E, then its dual s also solution with energy
E. By taking linear combinations the solutions of the Schrédingeatiton may be taken to be self and anti-
self-dual forms. All non-zero energy solutions must come inrdEgge self and anti-self-dual pairs, so the
number of self-dual solutions minus the number of anti-self-dualisos must be independent of s for the
same reason as in the previous cases. In fact, theauatioas which are not necessarily paired are the zero
energy p-forms of middle degree.

When s = 0 the Hamiltonian is the ordinary Laplacianhsaiumber of self-dual solutions of the Schrédinger

Equation minus the number of anti-self-dual solutions equalsabte af the quadratic form [9]

where are normalized representatives of the middle cohomology groMip BEcomposing the
representatives of the middle cohomology group into self angalfitual forms, , diagonalises the

guadratic form,

if :
=0 if
where denotes the inner product of and . The trace of the quadratic form is a
topological invariant, the signature . If the forms of middle degree are odd-forms the quadiatic is

anti-symmetric, so its trace is zero, therefore the sigaas only non-zero for manifolds of dimension n = 4k.

The signature may therefore be expressed in terms of thieemsiof self and anti-self-dual harmonic 2k-forms:

where the middle Betti Number has been decomposed,

The number of self-dual minus anti-self-dual eigensolutions of #milkbnian must still be the same in the

large s limit. In the case when all the fixed points astated, each one will be in a separate coordinate patch.



Taking a patrticular fixed point and labelling the coordinatdaa the patch, such that the Killing Vector is in
the standard form where all theare positive, the zero energy state localized nedixina point will be self or
anti-self-dual depending on whether is an even or odd multiple of the volume form at the

fixed point. Assigning a sign, equal to plus or minus one respectively, to each fixed pies ghe result,

When the fixed point set N doesn’t consists of isolated pointsriantation form may be assigned to an
(n-2g)-dimensional component, by requiring that the n-form , with q factors of ,isa
positive multiple of the volume form of M. In the large sitinwith the Hodge Star operation acting separately
on the coordinates of and the approximate flat transverse coordinates, statew seifi-self-dual under the
Hodge Star on M correspond to eigensolutions of the Laplacian,@elf or anti-self-dual under the Hodge

Star on . Adding contributions to the index from each component of N gives:

This will be illustrated in the case of supersymmetric quantiechanics on



3.4  Relation to Quantum Field Theory
The supersymmetry operators may be slightly redefined as

which gives the supersymmetry algebra

(1)

where is a central charge, in other words it commutes witthalother operators in the algebra.
All the previous considerations about the zero energy statesushystill applies in this context as the
Hamiltonian is unaltered.

Witten proves the Lefschetz Fixed Point Theorem in thé&efisimensional, quantum mechanics case, but with
a mind to ultimate application to quantum field theory whichnfinite dimensional. These results are still on
firm ground, because their proofs are only dependent on perturbfziany, which is the usual approach to the
analysis of quantum field theories. In fact they only meiythe zeroth order perturbative result, equivalent to
the Born Approximation, and so no complications due to regulemizahd renormalization arise.

In the case of the two-dimensional non-linear sigma modeupersymmetry operators obey the above
algebra when the Killing Vector is taken to be the geneddttvanslations in the spatial dimension, so that the
central charge P is the momentum operator, and the algebeatigd-dimensional supersymmetry algebra.
This -model may be treated as quantum mechanics on the infiniendional loop space of maps

from the spatial dimension S into the target manifold B fixed point set of the translation is the target
manifold B, so that if the Lefschetz Fixed Point Theorestiikvalid, the index of the supersymmetry operator
must equal the Euler Characteristic of the target manifold.

This implies that the non-linear sigma model on any manifatid non-zero Euler Characteristic has unbroken
supersymmetry.

Witten’s proof that, for the number of zero eigensolutions of the Hamiltonian equaksutineof the Betti
Numbers of the fixed point set, is not so obviously applicableeérgquantum field theory case, as it relies on a
non-perturbative construction. If this result does still hoideins that supersymmetry is never broken when
the target manifold of the sigma model is compact and afimtbecause at least two Betti Numbers must be

non-zero.



Appendix 3(ii)

Odd-dimensional manifolds
In sections 3, 4 and 5 only the even-dimensional manifolds wibhseidered as the Lefschetz Fixed Point
Theorem is trivial in the odd-dimensional case. Each harmmfocm is related by Poincare duality to a

harmonic (n-p)-form

so the Betti Numbers of a manifold obey the relationship

On an odd-dimensional manifold Poincare duality relates harneeeit-forms to harmonic odd-forms, so the
Euler Characteristic is always zero. The dimension ofixieel point set N always equals the dimension of M
minus an even number, so the fixed point set of an odd-dimensiamifbld is odd-dimensional. Therefore, in

the odd-dimensional case, the Lefschetz Fixed Point Theoretasrélao quantities which must be zero

anyway.



Appendix 3(iii)

A simple example: T?

T2 has two commuting continuous isometries generated by Hivgkfectors and . Introducing the

Killing Vector  into the supersymmetry algebra

where is the 4x4 unit matrix.
The eigensolutions of the Schrédinger Equation are still the aanmethe cse without the introduction of the

Killing Vector, but the energy levels are raised. The spatis now

where n and m are integers. The ground state energy is

so there are no zero energy solutions. This is due to ththéadhe Killing Vector is a translation in and has
no fixed points on the torus.
This is an example where the inequalities,

k) i)

the bounds on the Betti Numbers of the fixed point set, areatwiased. In fact

the four eigensolutions which are harmonic in the sense of the rdixtarior derivative form a
supersymmetry quadruplet when

Because there are no zero energy solutions supersymmetokes bin quantum field theories, in this case,
the non-renormalization theorem would no longer hold, so fermion awd Ibessses would no longer be
cancel. However, in quantum mechanics, as there is morenormalization, energy levels will still be boson-

fermion degenerate even if there are no zero energticu.



