Chapter 2

Morse Theory on a 2-Torus

1. Morse Theory on a 2-Torus

To illustrate Witten’s ideas about Morse Theory and supersyrimnggiantum mechanics we will deal with
one of the simplest compact manifolds, the 2-torus, which adnmtetac of zero curvature. T2 may be
represented, in flat two-dimensional space, as a squaresidéh of length a, whose opposite edges are
identified.

In two dimensions the possible different classes of p-formzen@formsA(z,y), one-formsB(z,y)dx
andC(z,y)dy, and two-formsD(z, y)dz A dy. To show in detail how various operators act on different p-

forms the notation will be to represent wavefunctions as dkihtr matrices

U(z,y) =

and to represent operators such as the Hamiltonian or thesyupeetry operator as 4x4 matrices.

Taking the supersymmetry operator to be the sum of the extierivative and its adjoir@Q = d + 9,
which in the matrix notation takes the form

9 )
o-|m O 0 5
2 0 0 -2
N 9 9
0 -2 -2 ¢

the Hamiltonian on T2 is the flat space Laplacian
H=Q?=dj+0dd

02 02
=[5~ 7.2



wherel is the 4x4 unit matrix.

The Schrodinger Equation is
0? 0?
52 (@ Y) = W\D( y) = E¥(z,y)
with boundary conditions

ov(0,y) _ dV¥(a,y)
dr Oz

U(0,y) =¥Y(a,y)

o¥(x,0)  0V(r,a)
dy Oy

V(z,0)=V(z,a) ,

The zero energy solutions to this equation are the represestafithe cohomology of T2, these are the
four constant p-forms

U(z,y) =

O O O =
O = OO

thus the Betti NumbelB, (M), the dimensions of the independent harmonic p-formsB,(17) =
BI<T2) - 2, BQ(TQ) - 1

These four solutions are annihilated by the supersymmetry opendtespdorm singlets under
supersymmetry. Higher energy solutions may be obtained by tyimgghese four constant p-forms by the
functions:

271"1’1] 2mm y]

X (2, y) = sin[=F]sin[ =

and

[2n7rv] 2m7ry]

X (,y) = cos cos|

where n and m are integers. Along with their supersymnpeatryiers, this gives sixteen solutions each with
energyr = (n + m?). The supersymmetry partners can easily be obtained by agphg
supersymmetry operator. For instance, acting on the zero-thutios x ), .. (=, y), gives

21171] 2m7rz/]

2
sin| dx + msin|

QX (@) = =2 [ncos| = Jeos[ 2222y



2.1 Morse Function (1)
A Morse Function on a torus is a smooth real-valued functibnedkon the torus i.e.
h:T? >R

so to write the function h in terms of Cartesian coorngismghe function must have the same period as that of
the torus itself. A suitable Morse Function for this example is

h(z,y) = sin®[%2] + sin®[7]

a a

The critical points of the Morse Function are the points athvtiie one-forndh(x, y) vanishes, the
maxima, minima and saddle points of the function

Oh(x, 2 Oh(x, 2
(ng y) = %Sin[%]cos[%], 7(0; y) = (—jsin[%]cos[%]
oh(z,y) a oh(z,y) a
) — 0 €Tr = O’ — y : — 0 :> = 0’ —
ox - 2 Ay Y 2
Thus the critical points t:(z, y) are(0, 0), (%, 0), (0, %), (%, %).

The Morse Index of a critical point is the number of negatigereialues of the Hessian i(z,y) at the

critical point.
Ph(x,y) 2n° o ormr Ph(z,y) 2n? . R
DD otz sz DR B i)
P?h(z,y)
0xdy
giving the Hessian as
*h(z,y) h(z,y) 2mx
02 D20y _2n? COS(T) 0
Ph(x,y) Ph(x,y) | — a2 0 cos(2ﬂ)
dxdy 0y? a

None of the eigenvalues at any of the critical pointszare so the Morse Function is non-degenerate.

A table of the critical points of h(x,y) on T2 with thélorse Indices p and the critical value of h(x,y).

criticalpoint  Morselndex(p) criticalvalueofh(x,y)

(0,0) 0 0
(4,0) 1 1
(0,9) 1 1
(5:5) 2 2



This shows that the Morse Numb«\/,,, the number of critical points with Morse Index p, in this example

are:

so that the Morse Inequalities are saturated.
Mo = Bo, M1 = By, M; = B.

Introducing the Morse Funciton into the supersymmetry algebraijugating the exterior derivative
with its exponential
d— dy = e de'", § — 5 = ethje=th

which in terms of the matrix notation gives

0 0 0 0
t = ) ah(x,y)
a9 T tT/J 0 o) Oaz : 0
5] h(x, 1 x,
0 i i R L L
()h(r1) I5) Oh(x
0 ()l+t dy—l—t dyJ Od}( )
9 Oh(x,
P 0 0 7] — thizy) 821(/ |
z,Yy
0 0 0 — 2 ey
0 0 0 0

The supersymmetry operator generalize); = d; + ¢;, and its square is the Hamiltoniapn H

Hy, = Q7 = diby + 6idy =

O — t(Lhizu) 4 62'55;@)) 0 ; o
0 R ! ;
0 0 0— t(ézgv(l:g,y) _ é)zggg,y)) 0
: ’ 0 0+ (| Sl

whered = — 2, — 25 + #2([2]2 + [22]2)

In terms of the Morse Function

h(x,y) = sin (%) + sin®(72)



the Hamiltonian takes the form

™

D—Z—Z;(cos(%)—%cos(?%’)) 0 0 0
0 O+ zzgt(cos(%)—cos(z%)) 0 0
0 0 O — 207t (cos( 252 ) — cos(20¥)) 0
0 0 0 O+ 2;(;[(603(221)+605(2#))
wherel = — 2 — 2 4 T (gin?2[212] 4 gip?2[274])
dx? dy? a? a a

The Schrédinger Equation is no longer exactly soluble for exciteglsstatit exact zero energy solutions

can still be found. The zero energy solutions are:

o O =

exp[—t(smz[%] + st[%])]

exp[—t(cos*[ 2] + sin®[2])] i

a a

eap[—t(sin®[Z] + cos[T])]

a

ewp[—t(cosg[%] + cos?[Z4])]

a

corresponding to the Betti Numbers of the Torus beig{@#= 1, Bi(T?) = 2, B(T?) = 1.

211 The large t limit

oh(z.y)

For large t the Hamiltonian is large everywhere excepttheacritical points of h(x,y), whetr 5 and

Oh(z, : : , . ,

% simultaneously vanish, so the low energy solutions of the Scly@diEquation become
Y

concentrated around these points. Near the critical point (0,00gtakand y to be small and neglecting

terms ofO(z2), O(y?), the operatord, ands? take the approximate fornds 4;, where



0 0 0 0
0 | oy,

i | HtEe 0 0 0

2 42Ty 0 0 0

0

0 —Z 425z —2 425y 0

9 w2
0 0 0 —Z 4250
0 0 0 0

so the approximate Hamiltonian is that of a supersymmetric tmestiional harmonic oscillator around

the critical point.

O-4%¢t 0 0 0

T 0 0 o 0

Ht:df(sf—f‘étdt: 0 0 E‘ 0
0 0 0 O+4%¢t

wherel] = —% -2 4’;—:752(:1;2 +y?)

The supersymmetric harmonic oscillator has one zero energy soltiarh in this case is the zero-form:

10,0 >= \ilo,o(x, y) = ewp[—%t(avz + y?)]

T
a

o O =

where the otherwise non-zero zero point energy is cancelled iHaimétonian by the tern—4:—3t. Higher

energy solutions can be found by acting on this ground state with the hamsoiliator ladder operators. The

raising operators are:

0 2 0 72
X, =— —2—tx Y, = — —2—t

T O a2 T oy a2
each of which acting on a solution of energy E gives a solutiemegyF + 4;%15 and the lowering operators

are:

X_=—+2=tz Y. =—+2-ty.

dy a?

The complete zero-form solutions are:



with energy

The spectrum for one-form solutions is exactly the same bhtthagtenergy of each state raised by ,

and the two-form solutions have energy raised by

The structure of the supersymmetry doublets can be seen hygvaiti the supersymmetry operator explicitly

0 — g2~ 420y 0
9 o o _ on?
Qt = (Zt + gf = aal + Ztﬁx 0 0 dy 2ta'2y
e +2t;—2y 0 0

2 425
0 2 2%y 2 +2% 0

a

x2 0 0 v,
“ly o o -Xx;
0 Y. X_ o0



so acting on the zero-form with will  give its superpartner

. Similarly for the two-form solutions, pairs with the

linear combination of one-forms

Around the other critical points the results are completely analpgpotisvith the spectrum of the different

kinds of p-forms interchanged.

Near the critical point which has Morse Index 1:

where

The zero energy solution is the one-form

Near the critical point which has Morse Index 1, the zero energy solution is:

Near the critical point which has Morse Index 2, the zero energy solution is thddmo:-

At each critical point of Morse Index p, the zero energy gwius a p-form.



2.1.2 Tunnelling (1)

Because the Morse Inequalities are saturated in this exathps® approximate zero energy solutions must
correspond to the zero energy solutions of the exact Schrodinger Equatiotunnelling between critical
points which might have removed the degeneracy between theggy énels cancels because there are two
paths in opposite directions between any two critical pointsrififfen Morse Index by one.

The diagram shows the critical points x, of the Morse Funciwith, paths of steepest ascentbetween critical

points and arrows showing the direction of the path. The coboundaryarperand its adjoint annihilate all of

the zero energy states localized at the critical points.example, acting on the one-form state

localized at the point

See the introductory section 1.2 for the definition of the operator

The next example of a Morse Function will be in the more irtiagesase where the Morse Inequalities
are not saturated.



2.2 Morse Function (2)
A less trivial example of a Morse Function, where the Morsgualities are not saturated, may be found by

halving the period in the x direction of the Morse Function in theigus example. This gives the new Morse
Function:

Differentiating to find the critical points gives:

Therefore h(x,y) has eight critical points. Differentiatiggia gives the Hessian as:

A table of the critical points, their Morse Index and thgaal value of h(x,y).

Thus the Morse Numbers are:
Mo = 2, M, =4, M =2,

so the Morse Inequalities are not saturated. The Morse lnigegiatate:

Introducing the Morse Function into the supersymmetry algebra teaaldHamiltonian that is almost
identical to the previous example:



where

The Schrodinger Equation has four zero energy solutions, a zero-faomprte-forms and a two-form,

corresponding to the cohomology of the torus. These solutions are:

For large t the Hamiltonian approximates to a harmonic oscilidteach of the critical points, and so there is
one p-form approximate zero-energy solution around each critical pdihbrse Index p. At the critical point

(Xe, Yo) this solution takes the form:

multiplied by the p-form corresponding to the critical point. In tasecof the critical points of Morse Index
one, the points correspond to the one-form dx and the points correspond to the one-

form dy.



In this example there are twice as many approximate zeroyestatgs as exact zero energy solutions. A more
exact calculation must remove this spurious degeneracy. Pedartizory, however, will not lift the energy
of any of the approximate zero energy states. At each cniaat the harmonic oscillator solutions form a
complete set of orthogonal functions, but solutions at differentcalripoints will not be orthogonal, so
perturbation theory must be done separately at each criticalgmmrdegenerate perturbation theory will not be
used even though the zero energy approximate solutions are degdhémgperturbation theory any of these
approximate zero energy solutions gained a contribution to their eribegyby the symmetry of the problem
under a translation on a torus, all the approximate zero energy solutishgain an energy. This cannot occur
because there are in fact zero energy solutions. An alternatiy of looking at this is that to whatever order
the Morse Function is expanded in and , around the critical point, in the
Schrddinger Equation, there is always one zero energy solution which i multiplied by
the p-form corresponding to the critical point. This zero energytieal will always be normalizable as it is
defined on a compact manifold. For instance, expanding the Marsgién to third order around the critical
point (0,0):

The approximated operator will annihilate the function:

which is normalizable because x and y are only defined wiitleimange

Excited states, however, will not in general have zero contitiin perturbation theory and their energy will

form an asymptotic series in powers of For example the first excited state:

after first order perturbation theory is found to have energy . To all orders of perturbation

theory this state will be degenerate with

as all the integrals involved will be equal up to a trarmlain x, so as with the zero energy states the

degeneracy may only be split by non-perturbative or tunnelling sffect



2.2.1 Tunnelling (2)
The Morse Inequalities are not saturated in this example, so lingnefifects may produce an improved

bound on the Betti Numbers.

The diagram shows the critical points x, and the paths gbeteascent between them marked by the dashed
lines and labelled . The arrows show the direction of the path i.e. from a pointat®index p to a critical
point of Morse Index (p+1).

All contributions to the operation of the coboundary operatprfrom paths of steepest descent in the y
direction cancel due to there being two paths in opposite directiageh case. This is not true of paths in the

x direction. For example, acting with the coboundary operaton the zero-form state gives:

Acting on the other approximate zero energy zero-form state , gives the one-form state:



so that the zero-form state annihilated by this operatorstdte which still has zero energy in the W.K.B.

approximation, is the symmetric combination

The anti-symmetric zero-form

being paired by the operation ofto form a supersymmetry doublet with the one-form,

Similarly the coboundary operator annihilates the symmetric one-form states,

and pairs the anti-symmetric one-form

and the anti-symmetric two-form state

The symmetric two-form state

being a two-form, is automatically annihilated by which will map p-forms to (p-1)-forms with signs
dependent on the directions of the paths between the criticaspoi

In this example, the number of zero energy p-form solutions iWtKeB. approximation are:

These numbers equal the Betti Numbers of the torus T2.



