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Chapter 1

Supersymmetry and Morse Theory



1. Supersymmetry and Morse Theory

Various of Witten’s papers of the early 1980s [1], [2], [3]reveconcerned with the subject of
supersymmetry breaking. The fermion-boson mass degeneracy produsigeebsymmetry is not observed
in nature, so in any supersymmetric theory, which purports to Iebbe \physical theory, supersymmetry
must be broken. It is therefore important to know in which the@igmersymmetry breaking occurs. The
novelty of Witten’s approach to this problem was to use theioe#dtip between the indes of the
supersymmetry operator and deformation invariants of the unaigniyanifold. The reasoning that pointed
in this direction is as follows.

In quantum field theories spontaneous symmetry breaking occurs éeaduum is not annihilated by the
generators of the symmetry. The Hamiltonian in supersymmntagaries is equal to the sum of the squares
of the supersymmetry generators and so spontaneous supersymmetrggboeakirs if and only if the
vacuum energy is greater than zero. In supersymmetric th@eomneenormalization theorems guarantee the
cancellation of contributions to the vacuum energy from fermion and blmsgm diagrams, so if
supersymmetry is unbroken at the tree level the question of errgipersymmetry really is broken or not
becomes a question about non-perturbative effects. The fact thabption theory is only concerned with
local information, whereas non-perturbative effects incorpaiateal information points to the conclusion
that spontaneous supersymmetry breaking is related to the topofotye manifold on which the
supersymmetry operators are defined. The index of the supmaetyynoperator is a topological invariant
and equal<'r(—1)f the number of zero energy bosons minus the number of zero eserggrfs. If the
index is non-zero there must be a zero energy state, so supaisynsnunbroken, if the index is zero there
may or may not be zero energy states.

In general the states annihilated by a particular diffexkeagfierator are not easily found. One approach
to finding whether such states exist would be to distort the mdrsfmitinuously into an orbifold, so that
now all the curvature and therefore all the topological infolrnas located at isolated points. The index of
the elliptical operator will be equal to a topological invarianthef manifold, and this topological invariant
will be the same for the orbifold as for the manifold, but inch&e of the orbifold it will be calculable with
reference only to the isolated points with non-zero curvature.

In Witten’s paper ‘Supersymmetry and Morse Theory an altmenatpproach is taken. Instead of
distorting the base manifold, the elliptic operator defineditois distorted. In the first case, the
supersymmetry operator is conjugated by a Morse Function multipyiexh arbitrary parameter and the
limit is taken as the parameter tends to infinity. Th® anergy solutions of the Hamiltonian now become
localized around isolated points (in the non-degenerate casejitited points of the Morse Function, and
are easily calculable. The fact that the index of the sympengtry operator is independent of the arbitrary
parameter leads to a proof of the Morse Inequalities, ugihgsicists’ methods”. After analysing quantum
mechanical tunnelling between critical points, which remowesesof the zero energy degeneracy, Witten

proposes a strengthening of the Morse Inequalities.



In the second part of Witten's paper the supersymmetry opasatdtered by the introduction of a
Killing Vector multiplied by an arbitrary parameter. When timeit is taken of the parameter tending to
infinity, the zero energy solutions of the Hamiltonian becomaliped around the fixed point set of the
Killing Vector, where the supersymmetry operator still sake unaltered form. The index’s independence
of the parameter leads to proofs of the Lefschetz Fixed Point 8inepthat the Euler Characteristic and
Signature of the fixed point set equal those of the whole maniditien also proves that the number of
zero energy solutions for arbitrary non-zero values of the pdearis equal to the number of zero energy
solutions for asymptotically large values of the paramateat,is thus equal to the sum of the Betti numbers
of the fixed point set. Even though these results are provedrrirs tef finite dimensional quantum
mechanics, they are ultimately intended for application to quanfield theory, which is infinite
dimensional.

In what follows not much mention will actually be made of spontansopsrsymmetry breaking, but
Witten’s paper ‘Supersymmetry and Morse Theory’ will be examinetiail and various aspects of it will
be illustrated by studying particular quantum mechanical examiplése first section, the part of Witten’s
paper related to proving the Morse Inequalities, will be sumetriBhe second section is an illustration of
these results using specific examples of Morse Functions otwtheimensional torus, one of which
saturates the Morse Identities and one which does not. The detidrs summarises the part of Witten’s
paper relating to Killing Vectors and their fixed point setsth@a fourth section the results about Fixed
Point Theorems will be illustrated in the case where thedfpoint set consists of isolated points. This will
be done by analysing the zero energy states of supersymmeftcmuaechanics on the two-dimensional
sphere. The effect on the excited states of introducing ediMector into the supersymmetry algebra will
also be studied using various approximate methods. The fifttorsas an illustration of the Fixed Point
Theorems when the fixed point set does not necessarily consssiated points. The case which will be
treated is that of supersymmetry on the maniCP?. The effect of introducing a Killing Vector will again
be studied in detail. Various standard results and definitiongipiag to topology and complex manifolds

will appear in the appendices.



1.1 Supersymmetric Quantum Mechanics

The simplest possible supersymmetry algebra is the Nup&symmetric quantum mechanics algebra:

H=0Q7=0] , {Q1, @} =0

There are two supersymmetry operators due to the fachthguantum mechanical wavefunction is always
complex.

One way to construct operators which satisfy this algebratesms of the De Rham operators, acting
on the exterior algebra *(M), of the manifold, thus leading to connections between supersymmetr
guantum mechanics and the cohomology of M. Proceeding in this maivesr the supersymmetry

operators as:
Qr=d+6 Q= i(d —0)

Where d is the exterior derivative and is its adjoint, see Appendix 18 = (—1)"?T"1*d* where n
is the dimension of the manifold and p is the degree ofotine on which is acting, * is the Hodge

Star operation. Squaring these operators gives the Hamiltasiagual to the Laplacian:

H=A=dé+dd

The supersymmetry operators map even-forms to odd-forms and oddtoreven-forms, splitting the
exterior algebra int\°’*" (M) and A°¥(M ). Even-forms may be thought of as bosons and odd-forms as
fermions. Non-zero energy solutions of the Schrédinger Equation argogdélgedoubly degenerate. Using

the Hodge Decomposition, a wavefunction may be split intocaat@nd a coexact piece
\I;p = dap—l + 56})—&—1

the harmonic piece must vanish for non-zero energy.

Substituting this wavefunction into the Schrédinger Equation gives

(do + 0d)(dap—1 + 68p+1) = E(day—1 + 6Bp+1)

d(édap—l) =+ 5(d55p+1) = E(dap—l + 5ﬁy)+1>

Equating the exact and coexact pieces



dédap—l = Eda])—l ) 5d56p+1 = Eéﬁp—}—l

leads to the conclusion thade,_; and 63,41 are separately eigensolutions of the Hamiltonian with

energy E. We can now assume tNais either exact or coexact. If it is exact
v, = da,—

acting with Q; gives
1V, = dday,—q

and acting withQ, gives the same result, so supersymmetry pairs an exaahge a coexact (p-1)-form.
These two solutions are degenerate due to the commutivity ofuppersymmetry operators with the
Hamiltonian. Alternativaly, if the wavefunction was a xaet p-form it would be paired by supersymmetry
to an exact (p+1)-form.

Zero energy solutions of the Schrddinger Equation are annihilated Isypleesymmetry operators and so
do not form doublets. These solutions correspond to the harmonic p-farchthe number of independent
such p-form solutions is equal to the Betti NumiB, (M), the dimension of the p-th cohomology group of
the manifold.

The Witten IndexI'r(—1)F, the difference in the number of bosons and fermions in the thieofgct
equals the number of zero energy bosons minus the number of zero fenerigys, as all non-zero energy
solutions come in boson-fermion pairs. In the case of supersymmeamntum mechanics the Witten Index

is the index of the De Rham complex, and thus equals tleg Ebbracteristic of the base manifold.

T’f’(—l)F — index(Aeven.odd’d+ 5) — Z(_l)PBp — X(M) .

p=0



1.2 Morse Theory

Morse Theory relates the properties of the critical poinbsa Morse Function, defined on a differentiable,
compact Riemannian manifold M, to the underlying topology of the foldniA Morse Functioni(z) is a

smooth, real valued function on M
h(z): M — R

A critical point x..it , IS @ point at which all the first derivatives of thtorse Function simultaneously
vanish. The Morse Index p, of the critical point, is the nunoberegative eigenvalues of the matrix of
second derivatives of the Morse Function at the critical pkimdwn as the Hessian. Non-degenerate Morse
Theory is concerned with Morse Functions which have only isolatédatqoints. For this to be the case
the determinant of the Hessian must be non-zero for eaclakcptimt. A degenerate Morse Function has a
Hessian which has zero eigenvalues for some of its exttémalimension of the critical manifold equals

the number of zero eigenvalues. Unless specifically statedlt follows will only deal with non-degenerate

Morse Theory.

1.2.1 The Weak Morse Inequalities

Witten’s technique of incorporating a Morse Function into the supersgmnggiantum mechanics

algebra is through conjugation of the exterior derivative aratljsint

dz‘ — e—th(‘r)deth(r) , (5t — ez‘h(r)(se—th(m)

where t is an arbitrary parameter. The supersymmoegyators are now defined in termsipaindd;

Qu=d+ 6 , Qo = i(dt — (5t)

and the Hamiltonian is now

Ht - df(sf + 5fdf

The supersymmetry algebra is unchanged

(Q%f = ng = H, ) {Qlt- er} =0



As t — 0 the Hamiltonian H; tends to the ordinary Laplacian, so for t = 0 the nurmbeero
energy p-form eigensolutionV,(z) is equal to the Betti NumbeB,(M). For t 0 each harmonic p-
form U,(x) is in a one-to-one correspondence with a p-fee=**)W,,(z) which is closed, but not exact,
in the sense of {d The numbers of zero energy p-form eigensolutioniHpffor t 0 are therefore still
equal to the Betti Numbers of the manifold.

In calculating an explicit formula for the Hamiltonian ic@nvenient to represent the exterior derivative

as al*T , Where thea™* act on the exterior algebra as exterior products and the covdeeawative
€t

D/Dx' acts on functions. The index i is summed over. The intdedvative is represented & a’ Dol
xXr

the o’ being the adjoints oa’*, acting on the exterior algebra as interior products. a*ieand ¢’ may
be taken to be fermion creation and annihilation operators aschzage fermion number by plus and

minus one respectively, and they satisfy the anti-commutegiations
{a*, i} = ~ii
' is the metric tensor of the manifold. In terms oftheperators the Hamiltonian takes the form

Ht — e_thde2th5€_th + ethée_thdeth

D - D - D D
_ _ (,—th % 2th ., j —th\ _ (,th,J —2th % th
=do+dd— (e7"a Dot e ) — (e"a Dot et )

+ terms with one derivative acting on the wavefunction.

The brackets mean that the derivatives act only on terthgwtie bracket and not on the wavefunction.

The terms with one derivative acting on the wavefunctionedghas

D
Da?

... D D
+ (e—z‘lzajaz* .eth)

- D .
+ GthCLJ—.e_th at* ‘
( ) Dzt Dz

. D D
th ,ix ,j —th
-+ (e"a @) ——e™™) D D

D .

—th i* th\ ,Jj

(& a ——€ a
( ) Do Da7

Dat

=ta™* @) — — — ta™ @) — — — ta’a™* — D,—}—/j i*i D.
Dzt Dad Dxi D Dxi Da Dx* D
, D .0 D
=t{a™, o’ Yoal b — .
G el TR G s v
=0

Leaving the Hamiltonian as



Dh Dh ... Dh Dh . D?h - D?h

¢=do+od+t DI Dai +haa Daxi Dyt +hata DaxtDad wa DaxtDax?
Dh Dh . D?*n
2 1% 1% Y
=dd + dd + t*{a"*, Do Dai + tla 'aj]iD:I;iD:f;J
Oh Oh D?h

— 2.8 1%
=dd + dd + t*y Ja pw +tD:1:iD:1:J[a ,a’]

: Oh Oh . I . .
For large t the potential terrtQWTﬁ dominates the Hamiltonian, and the low energy eigensolutions
Tt dx
become concentrated in the regions where this term is stimadlis, near the critical point set where

Oh
oxt

Hamiltonian tends to the form of a supersymmetric harmonic dscikaound each critical point. Taking

=0 forall 2'. In the case of non-degenerate Morse Theory, where theakptints are isolated, the

locally Euclidean coordinates and approximating the Morse Functiorarwgical point as

h’(g?i - :I;Cl’if) = h’(mcrit) + %)\z(Tz - mc7"i,t)2

with summation over |, wher)\; andz; are the eigenvalues and eigenvectors respectively, of absidth.
The Hamiltonian takes the approximate form near the cripicit
o2 oh Oh dh

f[ - - ' t2 ti & J

! + ot Ozl + 0x'0x) [ @]

where in the Euclidean approximatia”* = dz' anda’ = 2 .
H, = + A2 — Terit)? + tA[a’™, a]

The approximate Schrt')dinger Equation near the critical point has mmersrgy solution, a p-form if there
are p negative eigenvalu)j which means the critical point has Morse Index p. All o8w@utions have
energies proportional to t. The simplest way to demonstratextbterce of the zero energy solution is
through its annihilation by the approximated supersymmetry operator.
Near a critical point of the Morse Index p the conjugated iextderivative takes the approximate form

dy = d + t) (i — Terir)da;
with summation over i, annihilates the state

U, (z) = exp[—3|\i|(2: — @erie)]dzj A -+ A day
which is formed from the harmonic oscillator ground state anébanpcomposed of the exterior product of

the one-forndz;, taking only the coordinate; for which the corresponding eigenval\ gis negative.

Ay, (1) = [t \g|(2g — Zepit)dg + tAg (24 — Terit)dglexp[—EIN| (@ — i) ?]day A -+ A dy,



The dz, only run over the coordinates whe)2is positive, as the other terms are annihilated when taking

the exterior product, S(L\ilp(:r;) = 0. Near the critical point the interior derivative takes approximate

form

~ 0
0 =0 — thi(x; — .’I,'(.,,‘,,-,,)O—
€X;

5 acting on the exterior algebra. Acting \T/p(:z;) gives
Z;

L. 0 0
0V, (2) = [—t| \e| (g — :1:(.,,,,1,)0/—I;k + t\e (g — ;1;(.1‘“)54]6;1;1)[—%\/\,;\(:1;,,; — Xepit)?]daj N -+ A day,

This time thedz; only run over the coordinates for whic\, is negative, as all the other terms are
annihilated when taking the inner product, theret®,(z) is annihilated by, as well asd,. ¥,(z) is
therefore a zero energy eigensolution of the approximate Haraittdocalized around the critical point,
moreover it is the only zero energy eigensolution as no otheraxtifferential form is annihilated by
bothd, ands;.

There is one approximate zero energy p-form solution concentrateddagach critical point of Morse
Index p. Taking into account all the critical points of the Morseckon the total number of approximate
zero energy p-form solutions is equal to the Morse Numbgrtihdé number of critical points of Morse
Index p. Each zero energy eigensolution of the exact Hamiltoniampyhoximate, in the large t limit, to a
zero energy eigensolution of the approximate Hamiltonian, so thlentonber of approximate zero energy
eigensolutions must be at least as large as the number of sx@c energy solutions. This gives

immediately the weak form of the Morse Inequalities.
M])ZBP(M) ’ nggn

The generalization of the preceding to the case of degenerate Mamstions is straightforward. Near a
critical manifold, in the large t limit, the Hamiltoniaeduces to the ordinary Laplacian on the critical
manifold, plus a harmonic oscillator in the transverse directidie zero energy solutions of the
approximate Schrédinger Equation around a critical manifold of MadexIp are therefore the products of
the p-form of the previous analysis and representativéaeeotohomology of the critical manifold. The

Morse Numbers may be defined more generally as

M, = Z By—x(Nk)

where the summation is over the critical manifcV,swith Morse Index k. With this generalized definition

all the previous results follow in a completely analogous fwagegenerate Morse Functions.



121 The Strong Morse Inequalities

All non-zero energy solutions come in boson-fermion pairs. In takintatge t limit the energy of certain
solutions may converge to zero, but any solutions whose energefjrasion of t, exhibit such behaviour
must come in supersymmetry doublets, so the index of the supersynoperator,; = d; + J;, acting on

the decomposed exterior algetA{;7), A¢jf), must be independent of t. Wht = 0, the index equals the

Euler Characteristic of the manifold. After taking thegéat limit the number of zero energy solutions may

be altered, but the index must be unchanged. From this it follats

D (—1PM, =) (=1 B, (M) = x(M)

p=0 p=0

where n is the dimension of the manifold. Along with the weak fairthe Morse Inequalities, this equation

implies the strong form. Writing out the previous equation mordatiyl
M,— M, ++M, s—---+My=B,— B, 1+ B,_2—---% By
and using the first of the Weak Morse InequalitMy > B, gives
M, 1 +M,o—---£My<—-B, 1+ B, o—---% By
My =My o+ FMy2>B,1—Bpot+--F By

Each of the M,, — B,,) approximate zero energy n-form solutions which do not correspond to drees@c
energy solution must be paired by the actiol;ofiith one of theM,,_, — B,,_1) (n-1)-form approximate
zero energy solutions which do not correspond to exact ones. Howewnes, & these M, _; — B,_1)

solutions may be paired with (n-2)-form solutions, therefore
M, - B, <M,_1— B,
Substituting this inequality into the index formula gives
M, s—M, 3+---+My>B, s—B, 5+---+ By

Reasoning in the same manner implies



as some of the approximate zero energy solutions which do not correspond to exact ones

will be paired with (n-3)-form solutions. When this inequalgysubstituted into the index formula, the

result is

Continuing in the same way leads to the whole of the strong dbthe Morse Inequalities

with equality when

A diagrammatical way of illustrating this result is aidws:

The columns represent the Morse Numbers the dimensions of the spaces of approximate zero energy p-
form solutions. The shaded portions represent the Betti NunB,(M), the dimensions of spaces of
solutions which are actually annihilated by the exact supersymmetyator. The unshaded portions
marked with the s represent the dimension of the spaces of approximate zergy sokrgons which do

not correspond to exact zero, and the arrows show how these spaceapgped into each other by the
action of the supersymmetry operator.

The strong form of the Morse Inequalities may be read fromdtagram immediately. In the sum

, all the Qs cancel except, so that



The statement of the Morse Inequalities given by Witteat, th

is completely equivalent. Matching powers of t, this equagives the following

which, after cancelling the powers of t, are exactlyefpgations represented by the diagram.

1.2.3 Perturbation Theory

The spurious degeneracy of the zero energy solution is not remoaey ander of perturbation theory.
All the approximate zero energy solutions remain with zero enéepause perturbation theory only uses
local information and so only involves a single critical poird.tAe terms in the Hamiltonian are expanded

near a critical point, in powers of there always exists one zero energy eigensolution

where is the Morse Function expanded around the critical point to the appeoprder in .

This state will always be annihilated by both

and its adjoint

1.2.4 The W.K.B. Approximation
In order to improve the bound on the number of zero energy soluticalswdation must be performed
which is sensitive to the existence of more than one criticak;piat is, a calculation to determine the

amplitude for tunnelling between critical points. In a moreueate calculation some of the previously



zero energy p-form solutions which do not correspond to exact zero eduggns, may be mapped to
some of the previously zero energy (p+1)-form solutions which do not correspond to essrt
energy solutions, by the operaterttius removing some of the zero energy degeneracy.

In the Feynman Path Integral approach to quantum mechanics ptishible paths between critical points
contribute to the tunnelling amplitude, weighted by the exponential mfistthe action evaluated for the
particular path. The first approximation to this tunnelling ampétud the semi-classical W.K.B.
approximation. In this approximation the classical limit, Planckisstant is taken, this is equivalent
to the limit in our case, so that only the contribution of the classical tamjeavhich minimises the
action, or path of steepest descent between criticatgas taken into account.

Taking approximate zero energy states and localized near critical points A and B of Morse Index p
and p+1 respectively.  will fall off like in ascending along the path of steepest descent

from A to B, so that along this path the overlap betwberstates will be

Summing over all the paths of steepest descent between B, givks

where equals 1 or 0 depending on the orientation of the path
Taking into account all critical points of Morse Index p+1, th#goacf d on the p-form state , in this

approximation is

The states for which this expression cancels will remain eeergy singlets, while some previous
approximately zero energy states may now form supersymmetry doubld¢r the action of this operator.
As far as cohomology is concerned the factors of , which are the same along any path
connecting A and B, may be dropped in the definition of the coboundarytapénétten defines the

coboundary operator, where



whose action is completely determined by the orientation of patsteepest descents between critical
points. The adjoint of , the operator , relates to in the W.K.B. approximation in a completely

analogous way. Its definition is

mapping p-forms to (p-1)-forms. For a state to still hawe anergy in this approximation it must be
annihilated both by the coboundary operatoand its adjoint.

Calling the number of zero energy p-form states in the W.KpBraximation ; the arguments relating to

the Morse Numbers , and the Morse Inequalities follow for these numbers in exdwtlgame way. They

must form upper bounds on the Betti Numbers of M

and must satisfy an analogous formula to the Strong Morse litexgua

where

Witten conjectures that the are in fact always equal to the Betti Numbers . In terms of the
guantum mechanics view point this would seem a reasonable essdigeneries tend to be removed by a
first order tunnelling calculation. From the point of view of tagyl, however, this would be a remarkable
refinement of Morse Theory. The critical points of a Mors@adtion give approximate information about
the cohomology of a manifold; Witten aims through the properties afrttieal points, plus the relative
orientation of paths between critical points to gain exact ledge of the cohomology of the manifold.

This section will be illustrated by examples of Morse Famston the 2-torus, T2



